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Joint Distributicns for Total Progeny in a
Critical Branching Prccess

by Howard J. Weiner *

I. 1Introduction. lLet

1.1) Z{(t) denote the number of cells alive at time t in a critical
age-dependent branching process ([1], Ch. 4) as follows. At time t=0, a

new cell starts the process and has random lifetime with continuous distribution

function

(1.2) 0 <G(t) <1, GO+ =0.
Assume

(1.3) tz(l-G(t)) -0 as t—®

and denote

(1.4) 0 <4 = j tdG(t).
0

At the end of its life the cell is replaced by k new cells with

probability Py - Define

(1.5) e Zpksk.
Assume, for some € > 0,

(1.6) h(l +e) < =,

* University of Califcrnia at Davis.
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This allows for differentiation of h(s), 0 < s €1, under the summation
sign, and alsc implies that
[+

.7 Sk, < ® for all n > 1.
k=1 % -

The basic assumption of ctiticality is that

@
(1.8) m = kak'-—-l.
k=1
Each new cell proceeds as the parent cell, independent of the past and

of other cells,

Let

(1.9) N(t) denote the number of total progeny born by t in a critical

age-dependent branching process satisfying (1.1) - (1.8).

It is the purpose of this note to obtain a limit theorem for the joint
distribution of N(at)/t2 and N(t)/t2 given Z{(t) > 0, where 0 < o < 1, and to
indicate an extension. The method involves comparison with a corresponding
Galton=-Watson process and fractional linear generating function for number of

offspring so that iterates may be explicitly computed.

IT1. Iterations and Approximations.

Definitions
= N(to) N(t0+t1) -
2.1) F(Sl’SZ’tO’tl) = E _Sl s, g Z(t0+t1)==0~
— N(to) N(t0+t1)
(2.2) H(sl,sz,to,tl) =E _Sl Sy ] .




By the law of total probability,

t
0
2.3) F(sl’SZ’tO’tl) = 8;5, [:j; h(F(sl,szgtO-u,tl))dG(u)

Eo?t1
+ I h(F(1,52,0,t0+t1—u))dG(u)] ,
t

0 -

F(Sl’SZ’O’O) = 0

and
o '
2.4) H(Sl’SZ’tO’tl) = 88, [ Jo h(H(sl,sz,tO-u,p 3)dG(u)
t0+t1
+ J;o h(H(l,sZ,0,t0+t1-u))dG(u)-+1 -G(t0+t1)] .
Definitions
2.5) F(s,t) = E(sV 5 z(e)=0).
(2.6) (s, e = B (s 5y,
Then
@2.7) F(s,t) = sjth(F(s,t-u))dG(u)
0
F(s,0) = 0
and
(2.8) H(s,t) = s ( 1-G(t)-thh(H(s,t—u))dG(u)] 5

~ 0



Define the iteratiwve schemes

(2.9)

with

(2.10)

and

(2.11)

with

(2.12)

(2.13)
with

(2.14)

(2.15)
with

{2.16)

Co(s,t) =

[

0
Fn+1(sl’52’t0’t1) = §;8, J; h(Fn(slgsz,tO—u,t 1)4dG(u)

[ o

0 "1
+ S15, j%o h(F(ls52,0,t0+t1~u))dG(u)

FO(SI’SZ’tO’tl) F‘Sls2’t1) F(l,s 0,t,),

152

t

0 ' :
Hn+1(sl,sz,t0,t1) = 548, j; h(Hn(sl,sz,tO—u,t ))4dG(u)
t0+t1
+ 189 J; h(H(l,52,0,t0+t1-u))d@(u)
0

+ 5,5, (1= G(e ),
HO(Sl’SZ’tO’tl) = slﬂ(sz,tl) = H(sl,sz,O,t )]

Dn+1(s)t) = sjzh(Dn(s,t—u))dG(u)

o

Do(s,t) =

Cn+1(s,t) = s{: 1-G(t) + th(cn(s,t-u))dG(u)]
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(2.17) Kn+1(sl’52) = Slth(Kn(Sl’SZ))G(tO) + 1-G(t0)
with

(2.18) Ko(s = le(sz,tl)ﬁ-l—-G(t

(2.19) Jn+1(sl,sz) = slszh(Jn(sl,sz))
with

? < == =
(2.20) JO(“l’SZ) slH(SZ’tl) F(Sl’SZ’O’tl)

(2.21) Ln+l(u) = sh(Ln(s))
with
(2.22) Lo(s) = 0

(2.23) Rn+1(s) = sh(Rn(s))

with
(2.24) Ro(s) = g,
Dencte
(2.25) ¢(™ (r)

to be the n-th convolution of G evaluated at ¢t.

Lemma 1.

(2.26) 0 < F(s,t) - D_(s,t) < ™ (1)

2.27)  0<L (s) - D _(s,t) <1-6M(r)

IA

(2.28) 0 <C_(s,t) - H(s,t) < 6™ (t)



(2.29)  0<C_(s,8) - R (s) < 1-6 ()
(2.30) 0 <H (s1,5,,t5,t) - H(s ,5,,t0,t;) < G(n)(to)
@2.31) 0 < H (sp,5,,t0,t) = 3_(s;,8,) < 1-6M(ep)

_ (n)
(2.32) 0 < F(sl,sz,to,tl) Fn(sl,sz,to,tl) <G (to)

IN

_ . (n+1)
(2.33) 0 Kn(sl’SZ) Fn(sl’SZ’tO’tl) <1l-G (to)

Proof. Only (2.32) and (2.33) will be explicitly proved. The other results

are similar or simpler.

For (2.32), let n=0. Then, assuming £ > to
N(to) , N(t0+t1)
(2.34) F(sl,sz,to,tl) = E(s1 Sy 0 Z(t0+t1) =0)
Z(ty)
Nee) Ny 5 MO
> E(s1 s, s . Z(tl) =0)
N(tl)
> E((slsz) H Z(tl) =0) = Fo(slaszatoatl)a
since path considerations yield that
Z(t,)
(2.35) N(t0+t1) > N(tl) + 151 Ni(tO)’

where {Ni(to)} are I.I.D. as N(to) and independent of the (Z(tl),N(tl)) process,



Similarly, if t >t

0 1? Z(to)
N(eg) N(e) [ E Mo
(2.355 F(Sl’SZ’tO’tl) > E(s1 -8, 83 : Z(t0)==0)
N(tO) N(to)
= E((S]_SZ) 5 Z(to) =0) > E[: (5152) 3 Z(tl) =0]

N(tl)
= E [ (slsz) 5 Z(tl) =0] .

By induction, as

(2.36) O0O<F-F <1-= G(O)(tO)

0

and
t t

0 0
(2.37) 0 <F-F, =s;5, ”[0 (h(F) - h(F))dG < ‘[0 (F - F,)dG < G(ty),

|

if it is assumed that

- (n)
(2.38) 0 <F-F <G 7 (ty),
then

t t
0 0
(2.39) 0 <F-F_, =55, Jo(h(F) ~h(F_Jac < JO(F -F)de < ¢ e

proving (2.32).

To show (2.33), for n=0,

N(tl) _ N(tl)
(2.40) KO -FO = le [ Sy . Z(tl) =0:[ - E [ (slsz) . Z(tl) =0:[ +1 -G(to)



and hence

(2.41) 0 <Ky-Foy<1-Gry).

0

Also, for n=1,

t

0
(2.42) 0 < Kl-—F1 = 848, J; h(KO)-—h(FO)dG(u) + 1-—G(t0)

t +t

01
- 848, J h(F)dG(u)
o

and

£

(2.43) K -F < Io (1-G(ty-u)dG(u) + 1-G(ty) = 1 ~G(2)(t0),

By induction, assume (2.33) for n. Then

t
0
(2.44) . 0« Kn+1 -Fn+1 < Jo (h(Kn)-—h(Fn))dG + 1-G(t0)

t

0
Khﬁl -Fn+1 s J; (Kn.—Fn)dG +1 -G(tO)
%o
< .[0 (1-cm™ (tg-u))dG(u) + 1-6(t,) =1~ G(n+1)(t0),

completing (2.33).

Lemma 2. Let hl(s), hZ(S) satisfy (1.5) - (1.8) and assume

2 _ 1" i
(2.45) 01 = h1 ) < h2 L

I
Q



Then there exists an 0 < s, < 1, and an integer M > 0 such that for

c

SI>SO’ §, > 8 and all n >mn > M,

C

Nm Nn Nm Nn
(2.46) El(sl S, ) < EZ(Sl 5, )
and
Nm Nn Nm Np
(2.47) El(sl Sy Zn=0) < EZ(Sl Sy 3 Zn=0)

where Nm, Nn’ Zn are from G-W processes governed by hl(s) and 112(5), respectively.

Proof. As n > m = ®, for hi(s), i=1,2

Nm Nn N
(2.48) Ei I: sy Sy :[ - Ei [(slsz) ]
and
Nm Nn N N
(2.49) Ei(s1 Sy Zn=0) - Ei [(5152) ; Z =0] = Ei(5152>

where N, Z are bona-fide r.v.s. and
(2.50) P[z=0] =1

for the critical case.
To prove the lemma, it therefore suffices to show that there exists

an 1 > s, > 0 such that for s > s

0 0’

N N
(2.51) E,(s My < E, (s .



This proof, due to N. Knueppel, will now be given.

A Taylor expansion of p. 22 of [1] shows that for s > sq > 0,

(2.52) hl(s) < hz(s)°
Since
L N
(2.53) E.(s ™ JE (s, i=1,2,

for s > Sg9

(2.54) Ei(sN) > 5.

For n=1 and s > SO > Sl’

(2.55) E.s & shl(s) < shz(s).

Assume that for s > Sg>

Nn Nn
(2.56) Sy < El(s ) < Ez(s ).
Then for s > SO’
Nn+1 Nn Nn
2.57) El(s ) = shl(El(s )) < ShZ(El(S M)
N N
n.., _ n+l
< ShZ(EZ(S )) = Ez(s ),

completing the proof of lemma 2.
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Define the iterations

N N
_ m n
(2.58) T(sl,sz,m,n) = E(s1 Sy 3 Zn=0)
with
Nn-m
(2.59) T(sl,sz,O,n-m) = le(32 3 Zn—m=0) = San-m(SZ)‘

' N N
(2.60) U(sl,sz,m,n) = E [ 1 o s, n—l
with
N
n-m
(2.61) U(sl,sz,O,n—m) = le [ Sy :l = San-m(SZ)’

where Zn’ Nm, Nn are from a critical G-W process with h"(1l) = 02.

Lemma 3.
(2.62) F(Slasza.t()’tl) = H(SI’SZ’tO’tl)
' r
< T(sl,sz,n,r-lﬂ) - U(sl,sz,n,r-’rn) + 2G( )(tl)
+ 2G(n)(t0) +1- (G(to))n+1,
and
(2.63) F(SI’SZ’tO’tl) - H(Sl’SZ’tO’tl)

> T(sl,sz,n,r+n) - U(sl,sz,n,r+n) -2(1 - G(r)(tl))

2(1 —G(n)(to)).

11



Proof. From (2.30) - (2.33),

(2.64) Kn - Jn ~2(1~ G(n) (tO)) < F(Sl’SZ’tO’tl) - H(sl,sz,to,tl)

(n) .
<26 (k) +K_ -7 .
From (2.26) to (2.29), for any r > 1,

2.65) s, (L_(s,) - (1 -6V (£))) + 1-0(tg) < Ky(s,ys,)
< s @ (s,) + 6T () + 1-6(ey),
and
(2.66) s (R (s,) -6 () < 3 (51,8, < 5, R (sp) +1-6T)®)).

For a critical generating function h, note that for a > 0, b > 0,

a+b < 1, the mean value theorem yields that

(2.67) h(atb) < h(a) + b

h(a)~-b < h(a~b).

Note that
(2.68) T(sl,sz,m+1,n+1) = slszh(T(sl,sz,m,n))
(2.69) U(sl,sz,m+1,n+1) = slszh(U(sl,sz,m,n)).

12



Then (2.58) - (2.61), (2.64) - (2,69) together with (2.17) - (2.20)

upon successive application of (2.67) yield, for r > 1,

(2.70) Ky = s;8,h(K)6(ty) + 1 -G(ty)
< s.5.G(tOh(s. L (s.)) +1- (e N> + 6T ()
< 818,C(trg)h(s L (s, 0 ’
or

< T(s;,8,,1,741) + 60 (e) + 1= (G(e )

1332:
(2.71) Ky 2 sy8,6(e (s L _(s,) - (1- 6 (e))) + 1-c(ry),
from which it follows that

(2.72) Ky > T(sy,s,,1,rH) - (l-G(r)(t))slsz

(2.73) K, = s;8,h(K)E(E) + 1-C(cy)
< 8,5,6(EIR(T(s),5,,1,r41)) + ¢ ey +1- @)’
or

(2.74) K, < T(s 2,r42) + ¢ ey + 1- (G(to))B.

1’32’

From (2.72),

(2.75) Ky, > slszh(Kl) > slszh(T(sl,sz,l,r+1)) - (3132)2(1 -G(r)(t))



or

2.76) Ké > T(sl,sz,Z,r+2) -(5152)2(1 -G(r)(t)),

By induction, assume that

n+l

2.77) K < 1 ,n,r+n) + ¢y +1- (6(ty))

51252

and

5,,0,74n) - (slsz)n(l -6 ey,

(2.78) K 2> T(Sl’
Then
(2.79) K‘n+1 = SISZG(tD)h(Kn) + 1-G(t0)
(r) _ n-+2
< slszh(T(sl,sz,n,r+n)) + G (t) +1 (G(tD))
or e
(2.80) K < T(s,,S,,ntl,r4n+l) + G(r)(t) + 1 - (G(t ))n+2
’ n+l = LSy 0 )
completing the induction started by (2.77).
In the other direction, using (2.78),
n+l

(2.81) K, > 5i8,h(K) 3 55,0 (T(s ,5,,m,74)) - (55,07 (1 ¢y

1k



or

(2.82) ntL,rn) - (sy8,)" (-6 ),

Z T(sl’sz’

Kn+1

completing the induction started by (2.78).

A similar argument to that of (2.70) - (2.82) yields
(2.83) U(sl,sz,n,r+n)-G(r)(t) < Jn < U(813325n,r+n) + 1-G(r)(t).

Hence (2.64), (2.77), (2.78), (2.83) yield

’nsrh) - U(S]_’SZ F

(2.84) F(sl,sz,to,tl)-H(sl,sz,to,tl) > T(sl,s n,r+n)

2

-2 -6 ey -2 -6 e )
and, omitting the same arguments as in (2.84),
' (2.85) F-#a<T-U+ 2G(r) (t) +1- (G(to))nﬂ“ + zc(n) (to).

Now set t==t1. This completes lemma 3.

Let

02 + (2 -cz)s
62(1-3)-+2

(2.86) ho(s,cz) =

Let

(2.87) Uo(sl,sz,m,n)
and
To(sl,sz,m,n)
15



denote the respective quantities U, T obtained for hO of (2.86).

Lemma 4. For the critical generating function (2.86), it follows that

2 2 | 2 2
o ongt. ., "8/a -8,/n | ~8,/a" -8,/
(2.88) Lim (55=) (U (e < e , na, n(l-—a))-—To(e e ,no,n(l-g))

n =+

it

: I
lim E [ exp{ ~ z(elNo’[(m] +92N0’n)}lzon > 0]
n

1 —®

4,/20 @2 (61+92)

(J@;-+J91+92)Zsinh{ 202(91+92-¥(1-al!20292}

+ (fo 5, -fe;)zsinh{(l-a)fzozez - Jzoz(glwz)}
+ 20, sinh{ (1-a)2570, ]

where NOm is the total progeny and number alive, respectively, in a critical

2
G-W process at generation m with offspring generating function ho(s,c Yz

Proof. The proof follows the method of Lindvall ([2] pp. 318-319).

For 0 < m < n, with N N z from a critical G-W process with

Om’> "On® On

offspring generating function ho(sgcz)= one may write

Z Zc
N N z N ‘meOnmi zlenmiE
Om On On Cm i=1 T 1= s =,
= Z
(2.89) E(s1 s, S, ) =E (Slsz) Eéz 54 Q;
' £ . .L.D. Z
where {No,n-m,i} are 1.1.D. as No’n_m, he {Zo,n_m’l} are 1.1.D. as 0,n-m’

and both sets of r.v.s. are independent of the (ZOm’NOm) part of the process,

3 c s s  and
and NO,n-m,i and ZO,n—m,j are independent for i #3j, with NO,n—m,l an

. from the same critical G-W process. Hence
O,n-m,i

16



(2.90) E(s 2 Sq ) = hm(slsz’hn-m(82’53))

where

NOr ZOr
(2.91) hr(sl,sz) = E(sl s, ).

To express hr(sl,sz) in terms of ho(s) = ho(s,oz) and its iterates,

note that
(2.92) hl(sl’SZ) = Slho(slsZ)

2nd ZOr Zor

No,e+1  Zo,r+1 iglNor’i i§120r,i
== H b — . .
(2.93) R, (858,) SE(s; s, ) = E [?(sl s, lel)j

where NOr,i and ZOr,i are from the same process, and NOrj and zOri are

independent for i #j, and the {Nori} are 1.1.D. as N__, and {zOri} are 1.1.D.

Or?

as ZOr'

Hence
(2.94) hr+1(sl’52> = Slho(hr(sl’SZ))°
A tedious but straight-forward induction using (2.90) yields that

P, (s,) + s P (s4)
(2.95)  h_(s,,5,) = Plxn %S ) +?¢2§n+1(sl)
3,n-1"1 274,071

where Pin’ denote the n-th degree polynomials to be determined. Relation

(2.95) yields

17



{2.96) (a) Pl,n+1(s) = spP3 n_1(3) - (2p-1)sP13n(s)
(®) By () = spBy (s) - (2p~l)sP2;n+1(s)
() By () = By 1 (s) - pBy (s
(d) P

4,1 (3 = By 1 (5) - PRy 4y (8).

From the theory of difference equations one may solve pairs (2.96)

(a) and (c) and pair (2.96) (b) and (d) and from initial conditions obtained

from explicit formulas for hl(sl,sz) and hz(sl,sz) one substitutes a solution
_ n
(2.97) Pin = Air , 1 <ic<é
to obtain
(2.98) P, =A .r.0t+A .. 1<i<hb
in 0i"1 14 2 ? =" =

where {AOi}’ {Ali}’ ry, T, are explicitly determined.

Writing na instead of [na], which will not affect a liwit, it follows that

. ' 1
(2.99) lim E [ exP{-nz (91N0,na + GZNOn)HZOn > '0]

n-®

2 a2 2
-6,/n”  -4,16,)/n -8, /0. = (8,46,)/n"

(B, (1-gy (Le doe T T )-h (b0 (0 e )

h
ng no

= 14im
n-—® 1 -hn(l,O)

18



A tedious but straightforward computation using (2.95), (2.98) in {(2.99)

yields the result of lemma 4.

Let
(2.100) 4R = 0“2
q
where 0 < p <1 and q = 1 ~p.
For 0 < ¢ << p, denote.
(2.101) Py =P + €
4 = - Sl
and
(2.102) Py =P - 8(e)
9 =1 -
where
(2.103) P91 = Pod,
Denote
(2.104) o =2p,/q;, i=1,2.

Corollary, For 1 <i, 1 <2, i#j, and 0 < €& < €y << p, and 0 < w < 1,
and if (2.100) - (2.103) hold, then
2
e 9 =8, /m 2
(2.105) lim nIUO(e e Jna,n(l-a),0, %)
nzeseo |

2
—elln -ez/n2 2
- To(e s € ﬁnaan(l‘“&')sc}j )% < C

where C < ® is a positive constant.

19



Procof. This is a straightforward if tedious computation of U, , TO using
the methed cf difference eguations of the previous lemma, noting that from

(2.103), the constant term in the expansion of L%-T cancels out, leaving

0

1 .
terms of order o and lower in n.

Theorem. Under the assumptions (1.1) to (1.8)

(2.106)  lim E [ exP{j~¥%-(91N(at)-&Q?N(t))!Z(t> > o}]
- t -

tl—,m

(T 2
e, +/0,46 inh
(/8 *{81+8,) sinh] M

2 /”—E""“_m“ 2
A -
4 (20 9, (@1%2)) [ — . al 20 (@1+92) + (1 a)ch 92}
(1-e)/26%6 262 (0.40.)
). e (6,%8,)
M

+ (/6,%6, —j@;)zsinh{

<
- L

s—
(1-a) /208
A wl .
]

-

20 sinh {

M

Proof. From lemma 3, let, for 0 < € < €, << p, where az = %? .

0

= t1(1+e) -
(2.107) (a) r; = 3 ]
— t1(1w6) -
(b) r, = _ 4 |
— t. (1+e) —
© n =| 2——
K
~ t (1-¢) -
(d) n, = m.-iLEI~—~ |

Then by lemma 3 and the lemma 3 of Ch. 4 of [I]QEPJUSS"'le%

20



(2.108)

and

(2.109)

F\Slxszstoatl) = H(S 09 1)
< T(s n,,r,4n, ) - U(s, ,s,,n )+0(t1 + e(t; )
b Eh A R B | 195938 s T4H, EAAS]
F<Sl’s2’t0’t1) - H(SI’SZ’tO’tl)

¥ -1
> T(sl,s +n2)-b(s1, 95 2,n3+r 3+ o(t ) + o(t1 ).

2°Mys%y

Now, using lemma 2 in (2.108), (2.109) yields, with assumptions

(2.100) - {(2.104), for T, M, sufficiently large, i=1,2, and € < €, << p,

(2.110)

and

(2.111)

where

(2.112)
and
(2.113)
with

(2.114)

0

F(Sl’sz:tostl) - H(Sl’SZ’tO’tl)
< T (s.,,s,,n,,r 4n o, ) U.{(s.,s,,n o, } + u(t . tnl)
= "0MiT2? 1’ A oM1°t201? 1 s i
F(Sl?szﬂto’tl) - H(Slgszﬂteﬁtl}
> T (8,,8,,0,,r.+ 0, 0 2)-—U (s n, T, 4n, .0, ) + o(t"1-+t“1)
= "o 71722072 202 0'%12%2M> 2° 1 0 1

2 2
01 > o > 62
2 p - 9
e gpi/qi, i=1,2
P; =Pt €4 @s in (2.101} - (2.103).
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Now,set, for 0 <o < 1

%
{(2.115} (a) t = au
{b) ¢ 0 S g
{e) £y n{l-o3u
- 9? ‘f 112 : = @“'b / I“?,é‘z
(d) s, = e . s 8y =6 “ .

Multiply (2.110) and {(2.111) by u.
Then let €~0, then n—®, noting that by the corollary, these limits
may be interchanged.

]
o . - r5
Since, for-fixed ¢ > 0,

(2.116) E exg{fmi%-(glm(at)-yezm(t))iz<t) > G}j

- t
p 2 2 2
“@11t2 -9, /¢ walitf -8,/
= H(e 2 2 ::Olt‘?(}-"a)t) = f"(@ 2 & sat9{3—ma’\tl}
P{Z{t) > 0}
and by [1], Ch. &,
Sostl et . T ; 20
{2.117) Iim tP[Z(t) >0] = =5 s

-5

Q

then lemma 4 and the corollary together with (2.116), (2.117) and the substitution

2 . . o : g
of Qi/u for 813 i=1,2, then vields the result of the theorem.
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